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Abstract
We propose a top down construction for Jackiw-Teitelboim (JT) gravity using
compactification of D = 5 gravity theories in the presence of Abelian (U(1)) as
well as SU(2) Yang-Mills (YM) fields. The background solutions corresponding to
D = 2 model have been obtained in the perturbative regime of the theory where
the corrections have been estimated over the uncharged JT solutions while treating
the gauge couplings as the parameters of the expansion. Our analysis reveals the
existence of two classes of solutions namely, (i) the interpolating vacuum solution
with AdS2 in the IR and Lifshitz2 in the UV (which serves as the thermal radiation
background for our analysis) and (ii) the charged 2D black hole solution exhibiting
Lifshitz2 asymptotics. The analysis on thermal stability reveals the onset of a first
order phase transition at T ∼ T0 such that for T < T0 the only possible state is the
thermal radiation background without any black hole. On the other hand, as the
temperature is gradually increased beyond certain crossover value T ∼ T2(> T0),
an emerging globally stable black hole dominated phase has been observed which
clearly indicates the onset of Hawking-Page (HP) transition in 2D gravity models.
1 Overview and Motivation
In today’s literature, the celebrated AdS/CFT correspondence [1, 2] is widely accepted to
be the most remarkable achievement that took place in modern theoretical physics during
last two decades. The underlying mechanism that stands behind this proposal is based
on the so called holographic principle [3] whose primary focus is to understand the strong
coupling dynamics in large N QFTs using dual (weakly coupled) stringy/gravitational
description living in higher dimensions. Since its discovery, several interesting examples
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have been discovered as well as tested within the realm of strong/weak conjecture among
which the very recent discovery of an interesting toy model of quantum holography [4, 5]
is something worthy of praise. This proposal is based on the original work of [6] and
therefore goes under the name of Sachdev-Ye-Kitaev (SYK) models [7, 8].
Ever since this proposal has been put forward, there have been growing interests in
order to explore the Large N near infra-red (IR) dynamics in SYK models using its dual
gravitational description(s) that lives in one higher dimension. The collective analyses
unveil (1 + 1)D Jackiw-Teitelboim (JT) dilaton gravity as the dual model [9, 10] that has
been conjectured. Putting all these pieces together, finally leads towards an emergent
SYK/AdS2 correspondence [11]-[27]. These analyses have been subsequently extended for
charged SYK models and their corresponding dual gravitational counterparts [28]-[30].
The purpose of the present work is to elaborate an example of dimensional compact-
ification which finally leads towards (1 + 1)D Jackiw-Teitelboim (JT) dilaton gravity in
the presence of non-trivial matter (gauge) couplings. The parent 5D model [31, 32], that
we choose to start with, was actually proposed in order to construct electrically charged
space-time solutions with anisotropic Lifshitz saclings [33, 34]. The Chern-Simons (CS)
term in the original 5D model [31] was actually a supergravity-inspired “FFA” type term
[31, 35]. However, the dimensional reduction, on the other hand, results in some form of
D = 2 JT model where both gravity as well as the dilation are found to be non minimally
coupled with the abelian (U(1)) and the SU(2) Yang-Mills (YM) sectors of the theory.
Below we enumerate some notable facts about the D = 2 model that is constructed
in this paper.
• The ground state (vacuum) of the theory has been found to be interpolating between a
Lifshitz2 at UV and an AdS2 in the IR. This we identify as the thermal radiation back-
ground for our subsequent analysis in the Euclidean formalism.
• Thermal excitations have been identified as charged black holes with Lifshitz2 asymp-
totics. In the Euclidean framework, these black holes serve as the basis for what we call
the analogue of Hawking-Page (HP) transition [36]-[38] in 2D gravity models.
• Considering the Euclidean framework, we perform our analysis of thermal stability
in black holes using a canonical ensemble. Our analysis reveals the existence of certain
critical temperature, T ∼ T0 ∼ √µ0 such that for T > T0 there exists two possible phases
of black holes - one with lower mass and a negative heat capacity, and the other with
higher mass and a positive heat capacity. As the temperature of the system is reduced
below T0, the black hole phase with negative heat capacity decays into pure thermal radi-
ation via a first order phase transition at T = T0. On the other hand, as the temperature
is increased above T0, the lower mass black hole gradually transits into a globally sta-
ble phase of larger mass black hole that is in thermal equilibrium with its surrounding
radiation background. During this course of transition, we observe several transition tem-
peratures (T0 < T1 < T2) and finally crossover to a globally stable phase of black hole for
T > T2. We collectively identify all these features as being the analogue of HP transitions
[36] in “charged” JT model whose holographic interpretation is yet to be unfolded.
The organisation for the rest of the paper is as follows: We construct our D = 2
model in Sec. 2 where we give a brief account for the dimensional reduction procedure
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and obtain the corresponding background solutions following a perturbative approach.
Adopting to a Euclidean framework in Sec. 3, we explore the thermal stability in black
holes using a canonical ensemble. Finally, we conclude in Sec. 4.
2 D = 2 model
2.1 A top down construction
We consider D = 5 gravity model minimally coupled to both abelian (AM) as well as
SU(2) Yang-Mills (YM) fields (AaM (a = 1, 2, 3)) [31],
S5D =
∫
d5x
√−g
(
R− 3Λ− κ
4g2s
F aMNF
aMN − ξ
4
FMNF
MN − σ
2g22
MNPQR√−g F
a
MNF
a
PQAR
)
(2.1)
where Λ(< 0) is the cosmological constant1. Here κ and ξ are the gauge coupling constants
which would be treated as an expansion parameter in the subsequent analysis. The CS
piece (∼ F a ∧F a ∧A), on the other hand, is quite ubiquitous to D = 5 theories and does
not seem to have left with any of its imprints on the reduced D = 2 model.
The D = 2 theory is obtained using the reduction ansatz [28]
ds2 = Φα ds˜2 + Φβdx2i , A
a
Mdx
M = Aaµdx
µ, AMdx
M = Aµdx
µ ; α, β ∈ R, (2.2)
together with the metric of the reduced spacetime,
ds˜2 = g˜µνdx
µdxν ; gµν = Φ
αg˜µν ; µ, ν = t, z. (2.3)
The D = 2 action (modulo a total derivative) could be formally expressed as2
S2D = V3
∫
d2x
√
−g˜
(
R˜Φ− V (Φ)− ΦL(A˜µ, A˜aµ)
)
+ SGH + Sct,
L(A˜µ, A˜aµ) =
κ
4g2s
F˜ aµνF˜
aµν +
ξ
4
F˜µνF˜
µν ; V (Φ) = 3ΛΦ, (2.4)
where, we set α = 0 and β = 2/3 without any loss of generality. Notice that our
model (2.4) is a special case of [17] with C = 0 and A = −3Λ. Moreover, here SGH =
− ∫ dt√−γKΦ is the standard Gibbons-Hawking (GH) term (K being the extrinsic cur-
vature associated with the boundary hypersurface [39]) and Sct is the so called counter
term which cures the divergences of the on-shell action near its asymptotic limits.
1We set the AdS radius L = 1 and 16piG = 1 in the subsequent analysis.
2It is easy to check that the desired total derivative term is given by
∇µ
[
gµνgλσgλσ
(
∂νΦ
β
)
Φα+β/2
]
.
3
2.2 Equations of motion
The equations of motion that readily follow from the variation of the parent action (2.4)
are listed below,
(∇µ∇ν − g˜µν) Φ + ξΦ
2
(
F˜µρF˜
ρ
ν −
1
4
F˜ 2g˜µν
)
(2.5a)
+
κΦ
2g2s
(
F˜ aµρF˜
aρ
ν −
1
4
F˜ a
2
g˜µν
)
− 3Λ
2
Φg˜µν = 0
R˜ − 3Λ− κ
4g2s
F˜ aµνF˜
aµν − ξ
4
F˜µνF˜
µν = 0 (2.5b)
1√−g˜ ∂µ
(√
−g˜ΦF˜ aµν
)
+ ΦabcA˜bµF˜
cµν = 0 (2.5c)
∂µ
(√
−g˜ΦF˜ µν
)
= 0. (2.5d)
In order to proceed further, we choose to work with the static metric ansatz
ds2 = e2ω(z)
(−dt2 + dz2) (2.6)
together with the ansatz for the gauge fields,
A˜µ =
(
A˜t(z), 0
)
(2.7a)
A˜aµ = A˜
3
t (z)τ
3dt+ A˜1z(z)τ
1dz (2.7b)
where τa = σa/2i are the Pauli matrices of SU(2) YM theory.
Using (2.6), (2.7a) and (2.7b) we finally note down the set of dynamical equations3,
2Φ′′ + 6ΛΦe2ω + Φe−2ω
[
ξ
(
A˜′t
)2
+
κ
g2s
(
(χ′)2 + χ2η2
)]
= 0 (2.8a)
Φ′′ − 2ω′Φ′ = 0 (2.8b)
4ω′′ + 6Λe2ω − e−2ω
[
ξ
(
A˜′t
)2
+
κ
g2s
(
(χ′)2 + χ2η2
)]
= 0 (2.8c)
ΦA˜′′t + Φ
′A˜′t − 2Φω′A˜′t = 0 (2.8d)(
Φe−2ωχη
)′
+ e−2ωΦηχ′ = 0 (2.8e)(
Φe−2ωχ′
)′ − e−2ωΦη2χ = 0 (2.8f)
together with the following constraint,
Φe−2ωχ2η = 0. (2.9)
3In order to simplify our notations we set, A˜3t = χ(z) and A˜
1
z = η(z).
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2.3 Solving the dynamics
We propose the following perturbative method of solving the dynamics4 (2.8a)-(2.8f)
A(z) = A(0)(z) + ξAab(1)(z) + κAna(1)(z) + · · · (2.10)
which is a perturbation in the gauge coupling parameters over the uncharged background
solutions [17]. In the present analysis, we retain ourselves only upto leading order in the
perturbative expansion (2.10). The general strategy would be to substitute (2.10) into
(2.8a)-(2.8f) and obtain equations of motion at different order in the perturbative expan-
sion5. Here, A(z) stands for either of the dynamical variables Φ, ω, χ and η.
Before we proceed further, the following observations are noteworthy to mention:
• Since we are interested in expanding the action (2.4) upto leading order in the gauge cou-
pling, therefore it is sufficient to estimate leading/zeroth order solutions for both abelian
and non abelian gauge fields.
• The abelian sector (2.8d) could be further simplified in terms of other variables,
Fzt ≡ A′t =
Qe2ω
Φ
(2.11)
where Q is the corresponding U(1) charge.
• The dilaton equation of motion (2.8b) could be recast as,
Φ′(z) = −e
2ω
2
(2.12)
whose solution may be expressed as,
Φ(z) ' −
∫
dz
2
e2ω. (2.13)
2.3.1 Interpolating vacuum
In order to find vacuum solutions, the first step would be to note down zeroth order
solutions6 for both the dilaton and the metric from (A.1a) and (A.2a),
e2ω
vac
(0) = − 2
3Λz2
(2.14a)
Φvac(0) = −
1
3Λz
. (2.14b)
Next, we note down solutions corresponding to (A.4a) and (A.4b)
χvac(0) ' log z (2.15)
ηvac(0) '
1
z (1 + log z)2
(2.16)
4Here ‘ab’ and ‘na’ stand for respective perturbative corrections (to the uncharged JT solutions [17])
due to abelian and non-abelian sectors of the D = 2 model (2.4).
5See Appendix A for details.
6See Appendix B for the details of the derivation.
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where we have multiplied (A.4b) by χ(0)/η(0) and used (A.3a).
On the other hand, using (A.2b) and (A.2c), the solutions corresponding to ωab(1) and
ωna(1) can be found as,
(
ωab(1)
)vac
= 10z2 +
C
z
+
Q2Λ
6
z2 (1− 3 log z) , (2.17a)(
ωna(1)
)vac
= −3Λ
z
. (2.17b)
Finally, the leading order solutions for dilaton may be obtained from (A.1b) and (A.1c)
(
Φab(1)
)vac
=
−3 (C− 20z3) + 4Q2Λz3 (1− 3
4
· log z)
9Λz2
, (2.18a)(
Φna(1)
)vac ' 1
z2
. (2.18b)
Combining all these pieces together we find,
ds2vac = e
2ωvac
(−dt2 + dz2)
≈ e2ωvac(0) (1 + 2ξ (ωab(1))vac + 2κ (ωna(1))vac) (−dt2 + dz2) . (2.19)
Given the above metric structure (2.19), it is customary to explore various asymptotic
limits associated to it. For example, near the IR (z →∞) region one finds,
e2ω
vac
IR ' −
2
3Λz2
− 2
9Λ
(
60ξ +Q2ξΛ (1− 3 log z))+O (z−3) (2.20)
which clearly reveals an emerging AdS2 geometry.
On the other hand, the UV (z → 0) limit of the metric reveals,
e2ω
vac
UV '
1
z3
(
−4ξC
3Λ
+ 4κ
)
− 2
3Λz2
− 2
9Λ
(
60ξ +Q2ξΛ (1− 3 log z))+O (z2) (2.21)
an emerging Lifshitz2 geometry with dynamical exponent zdyn =
3
2
. A careful analysis
further reveals that for ξ = κ = 0, the resulting geometry becomes AdS2 in both the
asymptotic limits. This confirms that gauge fields in the theory are actually responsible
for the change in asymptotic (UV) structure as found earlier in [30, 34].
2.3.2 2D black holes
The zeroth-order/ uncharged background solutions ω(0) and Φ(0) may be expressed as,
e2ω
BH
(0) = − 8µ
3Λ sinh2
(
2
√
µz
) (2.22a)
ΦBH(0) = −
2
√
µ
3Λ
coth (2
√
µz) . (2.22b)
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Below we note down first-order solutions corresponding to the metric and the dilaton.
In order to simplify our analysis, we consider the following change of coordinate,
z =
1
2
√
µ
coth−1
(
ρ√
µ
)
. (2.23)
Using (2.23), the solution corresponding to (A.2b) can be expressed as,(
ωab(1)
)BH ' ρ√
µ
+
[
ρ
2
√
µ
· log
(√
µ+ ρ√
µ− ρ
)
− 1
]
− 3Q
2Λ
16µ3/2
{
2
√
µ (1 + log ρ) + ρ log ρ · log
(√
µ− ρ√
µ+ ρ
)
+ρ
[
Li
(
2,
ρ√
µ
)
− Li
(
2,
−ρ√
µ
)]}
.
(2.24)
On the other hand, substituting (A.2c) in (A.1c) and using (2.23) we find,
(
ωna(1)
)BH ' √µρ+ (µ− ρ2) tanh−1
(
ρ√
µ
)
2(µ− 1)µ3/2 .
(2.25)
Finally, we note down zeroth order solutions for gauge fields that readily follow from
(A.4a) and (A.4b),
χBH(0) ' 1−
1
2
√
µ
log
(
ρ√
µ
)
(2.26a)
ηBH(0) '
(ρ2 − µ)
4ρµ3/2
(
1− 1√
2µ
log
(
ρ√
µ
))−2
. (2.26b)
Collecting all the pieces together, we note down the black hole metric as,
ds2BH ' −
8
3Λ
(
ρ2 − µ) (1 + 2ξ (ωab(1))bh + 2κ (ωna(1))bh)(−dt2 + dρ2
4 (ρ2 − µ)2
)
. (2.27)
The black hole solution (2.27) exhibits a horizon at ρ =
√
µ. On the other hand, sub-
stituting, ρ ∼ 1
δ
and thereby taking δ → 0 limit reveals, ds2BH
∣∣∣
ρ→∞
∼ 1
δ3
. This suggests
that the UV asymptotic of the space time approaches Lifshitz2 geometry with dynamical
critical exponent zdyn =
3
2
.
The Hawking temperature of the black hole (2.27) can be found as,
TH =
√
µ
pi
. (2.28)
Finally, we note down the Wald entropy [40] of the black hole,
SW = 4piΦ
∣∣
ρ=
√
µ
= − 1
96Λ
√
µ(|µ− 1|)
[
(|µ− 1|)
{
− 33Q2Λξ + 64µ (1 + 0.89ξ)
− 15Q2ξ (log µ)
}
− 240κ
] (2.29)
which clearly shows a discontinuity at µ = µ0 = 1. As we probe into details on thermal
stability, we identify the above discontinuity as a signature of first order transition from
an unstable black hole phase to pure radiation.
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(b) Energy (∼Mass) vs. temperature plot.
Figure 1: Behaviour of effective free energy (∆F) and energy (E ∼MBH) of the configu-
ration with temperature T (∼ √µ).
3 Thermal stability and HP transition
We now move on to the Euclidean formalism [41] and explore thermal stability in black
holes. To start with, the full Euclidean onshell action is schematically expressed as,
−Sos2D = Sosgrav + SosGH + Sosct (3.1)
where each of the above entities on the R.H.S. of (3.1) are estimated using background
solutions found in the previous Section. This is accompanied by an analytic continuation
of the Lorentzian time, t→ iτ with a periodicity β. In the present analysis, there exists
two distinct periodicities corresponding to thermal radiation bath (βTH) and the black
hole phase (βBH) respectively. The black hole periodicity βBH is uniquely fixed by (2.28).
On the other hand, the former (βTH) could be fixed by demanding that the ratio,
βTH
βBH
≈ 2 +O
(
1
ρc
)
(3.2)
becomes independent of the radial cut-off ρ = ρc(→∞) at large distances [41].
Using (3.2), the effective free energy of the configuration could be obtained using the
background subtraction method [41],
∆F = FBH −FTH
=
1
18Λ(µ− 1)
[
(µ− 1){−7Q2Λξ + 16ξ (−30 + 0.22µ)}+ 120Λκ]. (3.3)
Finally, using a canonical ensemble (Z ∼ e−∆Sos2D), the energy of the black hole con-
figuration may be estimated as,
MBH ≡ 〈E〉 = 1
450Λ(µ− 1)2
(
3000κΛ(3µ− 1)− ξ(µ− 1)2 (12000 + 175Q2Λ + 88µ)) .
(3.4)
Fig.1 displays the behavior of both the free energy (∆F) and the energy (∼ mass) of
the (black hole) configuration with temperature (T ∼ √µ). In all the subsequent plots,
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branch.
Figure 2: Behavior of the entropy (S) as a function of temperature T (∼ √µ).
we set Q = 0.01, ξ = 0.009 and κ = 0.009. Below we enumerate the key observations
regarding Fig.1 and Fig.2.
• To start with, we notice that the thermal radiation collapses to form an unstable black
hole in the region T0 < T < T1 which can either completely decay into pure radiation
without a black hole (for T < T0) or transit to a larger mass black hole for T > T0.
Clearly in this phase, the smaller mass black hole has larger free energy than the ther-
mal radiation bath (FBH > FTH) and is also characterized by a negative heat capacity,
CBH ∼ ∂〈E〉∂√µ < 0 (Fig.1b). Therefore, we identify T0 < T < T1 as a radiation dominated
phase with ∆F > 0 and T < T0 as a pure radiation phase with, ∆F ∼ FTH < 0 (Fig.1a).
The corresponding entropy7 plot (Fig.2) reveals the onset of a first order phase transition
at T0 ∼ √µ0 = 1. The√µ < 1 branch (Fig.2a) corresponds to entropy of the configuration
that ultimately boils down into pure radiation. This part of the phase diagram represents
a rapidly evaporating black hole (Fig.1b) placed in a heat bath which eventually results
in a thermal ensemble with unique entropy (STH). The √µ > 1 branch (Fig.2b), on the
other hand, depicts a phase with decreasing difference entropy (∆S) for T & T0 which cor-
responds to the fact that the entropy of the unstable black hole approaches the entropy of
the thermal bath as it gradually shrinks in size (Fig.1b) with the increase in temperature.
This in turn is related to the negative heat capacity of the black hole as mentioned earlier.
• As the temperature of the configuration approaches T ∼ T1 ∼ √µ1, the corresponding
mass of the black hole reaches a minima (Fig.1b ) and thereafter starts increasing slowly
for T & T1. We identify this as a locally8 stable phase of black hole (SBH ∼ STH) with
positive heat capacity CBH ∼ ∂〈E〉∂√µ > 0 (Fig.1b). However, the effective free energy (∆F)
7The entropy (S) that we measure should be understood in two ways. For √µ < 1 branch, one is left
with pure radiation, therefore we identify the corresponding entropy simply as the entropy of the thermal
bath (STH). On the other hand, for √µ > 1 branch, we introduce the notion of effective (or difference)
entropy, ∆S ∼ − ∆F∆√µ ∼ |SBH − STH| which is basically the difference in entropy between two distinct
configurations namely, the black hole and the heat bath surrounding it (see (3.3)). However, in both
cases, the change in total entropy must be positive following the second law of thermodynamics.
8By local we mean that this phase is existing only in a small temperature window T1 < T < T2.
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of the configuration reveals that this phase is still dominated by the thermal radiation
background with FTH < FBH (Fig.1a). The total entropy of the configuration is therefore
∼ STH and hence the difference ∆S ∼ 0 over the range T1 < T < T2 (Fig.2b).
• Finally, we reach the point of crossover T = T2 beyond which the black hole mass
(MBH) starts becoming ever increasing with the increase in temperature and thereby
yields a positive heat capacity (CBH > 0) (Fig.1b). A careful analysis further reveals that
this is the point of inflection where the difference entropy vanishes (∆S = 0) and there-
after starts increasing (Fig.2b) as one approaches the region T > T2. This corresponds to
a globally9 stable phase of black hole with FBH < FTH (Fig.1a). Needless to say that for
T > T2, the entropy content of the configuration is mostly dominated due to the presence
of the larger mass black hole which largely contributes to both in the increase in total
entropy as well as the difference entropy (∆S & 0) of the system.
4 Summary and final remarks
We conclude with a brief summary of the main outcome in this analysis. We propose a
possible formulation of D = 2 Jackiw-Teitelboim (JT) gravity using dimensional reduction
of parent D = 5 gravity model [31] in the presence of abelian as well SU(2) Yang-Mills
fields. To our surprise, we notice an early (thermal) instability associated to black hole
micro-states using a canonical ensemble for the D = 2 model. We identify that these early
black hole states might either decay into pure radiation or they might switch over to a
bigger black hole micro-states with higher entropy and lesser free energy. We summarise
all these features collectively as being the analogue of Hawking-Page transition [36] in 2D
gravity models. This observation also rises a natural question regarding the holographic
interpretation of our analysis in terms of (dual) quantum mechanical d.o.f. living in one
dimension. We leave this as an exciting direction to be explored in the near future.
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A Equations of motion at different order in the per-
turbation series
In the following, we note down the equations of motion upto leading order in perturbative
expansion. For example, substituting (2.10) into (2.8a) we obtain
O(0) : 2Φ′′(0) + 6ΛΦ(0)e2ω(0) = 0, (A.1a)
O(ξ) : 2 (Φab(1))′′ + 6Λe2ω(0) (2ωab(1)Φ(0) + Φab(1))+ Q2Φ(0) e2ω(0) = 0, (A.1b)
O(κ) : 2 (Φna(1))′′ + 6Λe2ω(0) (2ωna(1)Φ(0) + Φna(1))+ 1g2s Φ(0)e−2ω(0)
((
χ′(0)
)2
+ χ2(0)η
2
(0)
)
= 0.
(A.1c)
Similarly (2.8c) could be arranged upto leading order in the perturbative expansion
as
O(0) : 4ω′′(0) + 6Λe2ω(0) = 0, (A.2a)
O(ξ) : 4 (ωab(1))′′ + 12Λωab(1)e2ω(0) − Q2Φ2(0) e2ω(0) = 0, (A.2b)
O(κ) : 4 (ωna(1))′′ + 12Λωna(1)e2ω(0) − e−2ω(0)g2s
((
χ′(0)
)2
+ χ2(0)η
2
(0)
)
= 0. (A.2c)
Substituting (2.10) into the constraint equation (2.9) we obtain
O(0) : Φ(0)e−2ω(0)χ2(0)η(0) = 0, (A.3a)
O(ξ) : Φ(0)
(
χ(0)η
ab
(1) + 2η(0)χ
ab
(1)
)
+ χ(0)η(0)
(
Φab(1) − 2Φ(0)ωab(1)
)
= 0, e−2ω(0)χ2(0) = 0,
(A.3b)
O(κ) : Φ(0)
(
χ(0)η
na
(1) + 2η(0)χ
na
(1)
)
+ χ(0)η(0)
(
Φna(1) − 2Φ(0)ωna(1)
)
= 0, e−2ω(0)χ2(0) = 0.
(A.3c)
Finally, from (2.8e) and (2.8f) the zeroth order equations could be recast as
∂z
(
Φ(0)e
−2ω(0)χ(0)η(0)
)
+ Φ(0)e
−2ω(0)η(0)
(
∂zχ(0)
)
= 0, (A.4a)
∂z
(
Φ(0)e
−2ω(0) (∂zχ(0)))− Φ(0)e−2ω(0)χ(0)η2(0) = 0. (A.4b)
B Derivations of zeroth order solutions
In the conformal gauge [17]
ds2 = −e2ω(x+,x−)dx+dx−, x± = (t± z), (B.1)
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the zeroth order equations of motion for the metric and the dilaton can be rewritten as
4∂+∂−Φ(0) − 3ΛΦ(0)e2ω(0) = 0, (B.2)
8∂+∂−ω(0) − 3Λe2ω(0) = 0, (B.3)
∂+
(
e2ω(0)∂+Φ(0)
)
= 0, (B.4)
∂−
(
e2ω(0)∂−Φ(0)
)
= 0. (B.5)
Clearly, the solution of (B.3) is given by
e2ω(0) =
(
− 8
3Λ
)
1
(x+ − x−)2 . (B.6)
Now integrating (B.4) and (B.5) we may write
∂+Φ(0) =
(
− 8
3Λ
)
f(x−)
(x+ − x−)2 , (B.7)
∂−Φ(0) =
(
− 8
3Λ
)
g(x+)
(x+ − x−)2 . (B.8)
Differentiating (B.7) w.r.to x− and (B.8) w.r.to x+ and substituting them in (B.2) we
obtain
Φ(0) =

2
3Λ
∂−f(x−)·(x+−x−)+2f(x−)
(x+−x−)
2
3Λ
∂+g(x+)·(x+−x−)−2g(x+)
(x+−x−) .
(B.9)
After a few easy algebraic steps, the general solution for the dilaton may be written
as [17]
Φ(0) =
(
− 2
3Λ
)
a+ b(x+ + x−) + cx+x−
(x+ − x−) , (B.10)
where a, b, c are real constants. For the vacuum we may choose a = 1, b = 0 and c = 0
[17, 25].
In the next step, we find the corresponding solutions for the black hole by exploiting
the SL(2,R) invariance of the metric (B.1). The general solutions can then be written as
e2ω(0) =
(
− 8
3Λ
)
ω+(x+)ω−(x−)
[ω+(x+)− ω−(x−)]2 , (B.11)
Φ(0) =
(
− 2
3Λ
)
1− µ ω+(x+)ω−(x−)
[ω+(x+)− ω−(x−)] , (B.12)
where µ(> 0) can be considered as the mass of the black hole, and ω±(x±) are monotonic
functions [17].
Finally, using the conformal transformations
ω±(x±) =
1√
µ
tanh
√
µx± (B.13)
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(B.11) and (B.12) can be rewritten as
e2ω(0) =
(
− 8
3Λ
)
µ
sinh2
(√
µ(x+ − x−)) , (B.14)
Φ(0) =
(
− 2
3Λ
)√
µ coth
(√
µ(x+ − x−)) . (B.15)
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